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1. INTRODUCTION 
A well-known theorem of Wielandt states that a finite group G is nilpotent if 
and only if every maximal subgroup of G is normal in G. The structure of a 
nonnilpotent group, each of whose proper subgroups is nilpotent, has been 
analyzed by Schmidt and R6dei [5, Satz 5.1 and Satz 5.2, pp. 280-281]. In 
[1], Buckley investigated the structure of a PN-group (i.e., a finite group in 
which every minimal subgroup is normal), and proved (i) that a PN-group of odd 
order is supersolvable, and (ii) that certain factor groups of a PN-group of odd 
prime power order are also PN-groups. Earlier, Gaschiitz and It5 [5, Satz 5.7, 
p. 436] had proved that the commutator subgroup of a finite PN-group is 
p-nilpotent for each odd prime p. This paper is a sequel to [9] and our object 
here is to prove the following statement. 
THEOREM. I f  G is a finite nonPN-group, each of whose proper subgroups is 
a PN-group, then one of the following statements i true: 
(a) G is the dihedral group of order 8. 
~* (b) G = (a ,x :  aVn= l ,x~ = l, andx- lax=a l+~- l ) ,panoddpr ime.  
(c) G = (a, b, x: a ~ = b ~ = x p = 1 for some prime p, [x, a] = b, and 
[a, b] = [b, x] = 1) (i.e., G = M(x) ,  where M ~ (a, b) N_Z,~ × Z ,  , [a, x] = b 
and [x, b] = 1). 
(d) G = PQ, where P <~ G, P = (x )Oe Syl~(G) is elementary abelian, 
and ~ E Sylq(G) is nonnormal and cyclic. 
(e) G = P(x ) ,  where P is an ultraspecial 2-group of order 23s and I x I is a 
prime dividing 2 ~ + 1. 
We recall that ap-group P is called ultraspecial if P'  = ~b(p) = Z(P)  = QI(P). 
While the examples of type (d) are easily constructed, Hawkes [4, Theorem 5.3, 
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p. 221] has constructed examples of type (e) corresponding to each prime 
dividing 2 s @ 1. Our notation and terminology is standard and is mostly adopted 
from [3]. In addition, M ~ G denotes that M is a maximal subgroup of G. 
2. PRELIMINARIES 
In this section, we collect some of the results used later. The trivial remark (2.1) 
is used often and without reference. (2.2) is well known and the proof is omitted. 
(2.1) Let G be a minimal nonPN-group, and let Q)  be a minimal sub- 
group of G. 
(i) I f  t is contained in more than one maximal subgroup of G, then 
( t )  < c .  
(ii) I f  t is contained in a unique maximal subgroup M(t) of G, and if H is a 
proper subgroup of G containing t, then H ~ M(t). 
(2.2) (i) PSL(3, 3) contains a maximal subgroup M of order 2433. 
(ii) A Sylow 3-subgroup of PSL(3, 3) is a nonabelian group of order 3 ~ 
and exponent 3. 
(iii) I f  S is a Sylow 3-subgroup of PSL(3, 3) contained in M and Z(S) : 
~x}, then ~x) <~ M. 
(2.3) Let P be ap-group, and let P be abelian i fp  --  2. I f  ~ is an auto- 
morphism of P fixing every element of P of order p, then ] ~ I is a power of p. 
Proof. This is [6, Hilfsatz 1.8, p. 51]. 
(2.4) (Thompson [8]; see also [5, Bermerkung 7.5, p. 190]) Any finite 
nonabelian simple group, all of whose proper subgroups are solvable, is isomor- 
phic to one of the following simple groups: 
(a) PSL(3, 3); 
(b) PSL(2, p), wherep is a prime withp > 3 andp z --  1 :~ 0(5); 
(c) PSL(2, 2q), where q is a prime; 
(d) PSL(2, 3q), where q is an odd prime; 
(e) The Suzuki group Sz(2q), where q is an odd prime. 
(2.5) If  X is any one of the simple groups mentioned in (2.4) other than 
PSL(3, 3), then X is a Zassenhaus group of degree n @ 1, where n = r or r z 
according as X = PSL(2, r) or X :- Sz(r); and the stabilizer N of a point is a 
maximal subgroup of X. Further, N is a Frobenius group with kernel K of 
order n and a cyclic complement H. I f  X = PSL(2, r), then I HI = (r -- 1)/d, 
where d : (r - -  1, 2); and if X = Sz(r), then I H I  = r - -  1. Also, N '  = K 
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and H contains a Sylow p-subgroup of X for any odd prime divisor p of i H ] 
with (p, r) = 1. 
Proof. See [3, Theorem 8.2, p. 41 ; 7, pp. 224-227]. 
3. PROOF OF THE THEOREM 
A. Solvability of G 
Suppose that G is nonsolvable. Then G = G', because very proper subgroup 
of G is solvable [5, Satz 5.7, p. 436]. 
(i) <1) :/: q~(G) = CoreG(M) for each M < G. 
Proof. Since Na(M) = M, M o Mo ~ ( l )  for someg E G\M [3, Theorems 
7.7 and 7.6(i), pp. 38-39] and Corea(M) va (1). Clearly, ~b(G) _C Cor%(M). I f  
Cor%(M) ~ M 1 for some M 1 < G, then G = M 1 Corea(M) would be solvable. 
Hence, q~(G) -- Corec(M ). 
(ii) I f  t E G is of prime order, then either t ~ Z(G) or t is contained in a 
unique maximal subgroup M(t) of G. 
Proof. G = G' and (2.1) imply (ii). 
(iii) I f  t and M(t) are as in (ii), then 
(a) t e P and P E Syl~(G) imply that P C_ M(t), 
(b) (t, t g) = G for each g ~ G\M(t), and 
(c) I t l -~2 .  
Proof. The uniqueness of M(t) implies (a) and (b). I f  ] t r ~ 2, then G = 
<t, t g) would be a dihedral group and hence solvable. Thus, (c) follows. 
(iv) Let p be an odd prime, and let M < G. 
(a) I f  [ M [~ < ] G I~, then M is p-nilpotent. 
I f  P c Syl~(G) and P _C M, then 
(b) M = M(t) for some element  o fPo forderp ,  t ~ Z(P) and ( t )  <l 21//, 
and 
(c) PC_M'. 
Proof. I f  I M [~ < ] G I~, then, by (ii) and (iii(a)), every element of M of 
order p lies in the center Z(G) of G. Now (a) follows from [5, Satz 5.5, p. 435]. 
I f  P C M, then M = M(t) for some element  of order p; otherwise, G would 
be p-nilpotent by (ii) and [5, Satz 5.5, p. 435]. Since <t) is weakly closed in P 
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with respect o G, we deduce using Griin's theorem [2, Theorem 4.7, p. 10] 
that P = P (~ G = P n G' = P n (Na(<t)))' = P n M' .  Hence, (c) follows. 
(v) By (i), G/q~(G) is a chief factor of G. Since every proper subgroup of G 
is solvable but G is not, it follows that G/q~(G) is isomorphic to one of the simple 
groups listed in (2.4). 
(vi) Now we verify that none of the simple groups in (2.4) can be isomor- 
phis to G/q)(G). 
Suppose that G/q~(G)~ PSL(3, 3), and let M a % G correspond to the 
maximal subgroup M mentioned in (2.2) above. Since M contains a Sylow 
3-subgroup S of PSL(3, 3), M 1 also contains a Sylow 3-subgroup $1 of G. 
Hence, by (iv(b)), M 1 = Ml(t ) for some element t c $1 of order 3. Since 
t ~ Z(Sa) and since Z(S) = (x) has order 3, <t) maps onto ~x) in PSL(3, 3). 
But the normality of ( t )  in M 1 implies the normality of (x) in M, a contradiction 
to (2.2(iii)). Therefore, G/~(G) ~/~ PSL(3, 3). 
Suppose that G/q)(G) is isomorphic to some simple group X 4: PSL(3, 3) in 
(2.4), and let us adopt the notation of (2.5). The last assertion in (2.5) and 
(iv(c)) imply that no odd prime divides r --  I. This immediately rules out the 
cases (2.4(e)) and (2.4(e)). 
I f  X is as in (2.4(b)), then p = 1 + 2 n for some natural number n. Since 
PSL(2, 5)~A 5 contains A 4 as a maximal subgroup, (iv(c)) implies that 
G/qS(G) ~ PSL(2, 5). Therefore, n ~ 4. Since p2 _ I ~ 0(I 6), X contains S 4 
[5, Hauptsatz 8.27, p. 213]. By checking the list of subgroups of X, we conclude 
that $4 ~X.  Clearly, 3 divides J X I  = (p -- 1)p(p + 1)/2, and, since S 4 is 
not 3-nilpotent, (iv(a)) implies that 32 does not divide r X I. Hence, $4 contains a
Sylow 3-subgroup of X. I f  M ~ G corresponds to the maximal subgroup S 4 of 
X, then, by (iv(b)), M ~- M(t) for some element t of order 3. Since <t~ <~ M and 
t ¢ q~(G), the image of <t~ in X is the normal Sylow 3-subgroup of S 4 . This 
impossibility proves that X cannot be as in (2.4(b)). 
I fX i s  as in (2.4(d)), then3q-  1 = 2~for somet ~ 4. Since 32q -- 1 ~ 0(16), 
$4 ~ X [5, Hauptsatz 8.27, p. 213]. But then (iv(a)) implies that $4 is 3-nilpotent. 
Therefore, G/q~(G) #:~ PSL(2, 34). This completes the proof of the solvability 
of G. 
Let {x~ be a minimal nonnormal subgroup of G, and let {P1 .... , Pr} be a 
Sylow system of G with, say, x ~ P1 • If  r > 2, then P~Pi < G and Nc(<x~) D 
<Pa ..... Pr); = G, a contradiction. Therefore, I G is divisible by  at most two 
primes. Let p and q denote distinct primes. 
B. The Case when G is a p-Group 
In this ease, G = M<x), where M <~ G and <x) is a nonnormal subgroup of 
~rder p. Also, N = Nc(<x) )= Ca(~x))~ G. Let a eMIMn N. Since 
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a6Co( (x ) )  and MnN~M,  it follows that G=(a ,x ) ,  a pc31(~NC 
Co(<x)), and hence, that a" • Z(G). Since G is generated by two elements and 
since G/M n N ~ Z ,  × Z , ,  we have that M c~ N = ¢0(G). Since [[a, x], x] ~ 1, 
[a,x]" = [a,x  "] = 1; and, since [a,x] @ 1, I[a,x]l =p .  Therefore, 
a • Cc(<[a, x]>), [a, x] e Z(G), and G' = <[a, x]a: g • G> = <[a, x]>. Hence 
G ~ : <a~> and #(G) ~ G'G ~' : <[a, x], a~'> _C Z(G). Since G is nonabelian and 
[G:  #(G)] : pZ, Z(G) : ~(G) and every maximal subgroup of G is abelian. 
Now statements (a), (b), and (c) in the theorem correspond to the cases when 
[a, x] • <a) and p ---- 2, [a, x] • <a> and p :/: 2, and [a, x] ~ <a>, respectively. 
C. The Case when [ G I = paq~, where a :/= 0 and b ~ 0 
Since G is solvable, G has a normal maximal subgroup H of index, say, q. Let 
P ~ Syl,(G) and Q e Syl~(G) so that H = P(Q n H). Since H is a PN-group, 
Y21(H ) = £2~(P) g2t(Q n H) char H <3 G and is elementary abelian. Therefore, 
I21(P ) and I21( Q n H) are normal in G. 
The case when £21(P ) = P. I f  each minimal subgroup of P is normal in G, 
then some minimal subgroup (x)  of Q is nonnormal in G. Since x • O, P (x )  -- G 
and I P t  =p.  
I f  P contains a nonnormal minimal subgroup (x)  of G, then (x)  ° ~ ~21(P ) 
is elementary abelian and G/(x)  a is a cyclic q-group. 
Both of these cases correspond to statement (d) of the theorem. 
The case when QI (P )< P. In this case, f21(H)Q =-QI(P)Q ~< G and 
f21(H ) is contained in more than one maximal subgroup of G. Since G is a 
nonPN-group and P C__ H, G = H(x)  for some nonnormal minimal subgroup 
(x)  of G of order q. 
Suppose that (x, xO) ~ G for each g • G. Then [x, xO] = 1 and (x)  c ~ Q. 
I f  (x)  c ~ Q, then P{x)  c ~ G and NG((x)) D__ (P, Q) = G, a contradiction. 
Therefore, (x)  c ~- Q <3 G. Since x and, hence, Q are contained in a unique 
maximal subgroup of G, G/Q ~__ P is cyclic. Now Q c~ H char H <3 G, [P, x] :/: 
(1), and Ix, f21(P)] ~ 1. I f  bars denote the images in G = G/Q n H, then 
2 4: 1, P = H <3 G, [2,/~] v '  T, and [2, ~r~l (P ) ]  - -  l. Hence, by (2.3), 2 is a 
p-element, a contradiction. Therefore, (x, xg) ---- G for some g • G. If  q = 2, 
then G is a dihedral group. So, we can assume that q :# 2. 
Now x ~F(G), since G = {x, x g) is nonnilpotent; and Co(F(G)) C_F(G) and 
(x)  ~ G imply that G = F(G)(x)  and F(G) ~ P • Syl~(G). Since [P, x] J :  1 
and [g21(P), x] = 1, it follows from (2.3) that P is a nonabelian 2-group. Since 
[x, N]  = 1 for each (x)-invariant subgroup N of P, and since x is contained in a 
unique maximal subgroup of G, it follows that (x)  acts irreducibly on PIe(P)  
and [P, x] = P. Now we use Theorems 1.3 and 2.2 of [4] to conclude that 
statement (e) of the theorem holds in this case. 
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